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Abstract

Background and Objectives: This study aims to move beyond mere critical analysis toward providing a practical
model for the systematic integration of the commutative property with the four key components of algebraic
thinking (word problems, patterning, conceptualization of the equal sign, and generalization of arithmetic rules)
in Iranian elementary mathematics textbooks.
Method: Employing a mixed-methods explanatory sequential design, the research first conducted a quantitative
and qualitative content analysis of all mathematics textbooks for Grades 1 to 6 (2023 edition). To further assess
the depth of imbalances in the distribution of components, the Shannon entropy technique was utilized as a
complementary quantitative analysis.
Findings: Findings revealed a significant imbalance, with 31.34% of all identified instances concentrated in
Grade 3 and only 5.97% in Grade 6. A complementary Shannon entropy analysis also revealed this imbalance.
Qualitative analysis uncovered structural weaknesses: a predominant operational view of the equal sign, the
reduction of patterning to sequence completion, and an excessive focus on "generalization of arithmetic rules"
(59.7%) at the expense of exploratory and relational understanding. In response, this study proposes the design
and presentation of a developmental, grade-by-grade integrative model. This model specifies learning objectives,
core instructional strategies, and sample activities for each grade and algebraic thinking component, emphasizing
continuity, depth, and application.
Conclusion: The study concludes that the current textbook representation lacks a coherent developmental
trajectory for fostering algebraic thinking and that the proposed model can serve as a conceptual framework for
curriculum revision, teacher guidance, and the design of complementary learning resources.
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Extended Abstract

Introduction: The elementary school years constitute one of the most critical stages of education, during which
the cognitive foundations of mathematical thinking are formed (Shirzadi & Vahidi, 2023). In the field of
mathematics education, the transition from an exclusive focus on arithmetic skills to the cultivation of algebraic
thinking from the earliest years of schooling has become a central concern for researchers worldwide. This shift
stems from the recognition that algebra plays a foundational role in mathematical success (National Mathematics
Advisory Panel, 2008). The traditional approach of postponing algebra instruction until secondary school creates
a conceptual gap known as the "arithmetic—algebra gap" (Kieran, 2004). In contrast, the gradual integration of
algebraic thinking components into familiar arithmetic topics—referred to as generalized arithmetic
(Kaput, 2008)—not only bridges this gap but also fosters a deeper understanding of basic concepts themselves.

Recent research in algebraic thinking has emphasized the necessity of attending to cognitive and
developmental aspects of this ability. For instance, Sunwoo and Yeo (2025) employed hierarchical factor
analysis to demonstrate that elementary students' algebraic thinking comprises multiple dimensions,
necessitating the design of tasks appropriate to each developmental level. Similarly, Kim and Kim (2025)
conducted a comparative analysis of Korean and American textbooks, revealing significant differences in how
pattern generalization tasks are presented—findings that can inspire textbook content revision. Furthermore,
Ding et al. (2023) identified multiple pathways for fostering functional thinking in elementary school through
their study of Chinese textbooks, emphasizing the richness of learning components during this period.

At the heart of the gradual integration of algebraic thinking components into arithmetic topics lie structural
mathematical concepts that express the rules governing relationships between numbers and operations. Among
these, the commutative property (for addition and multiplication) is one of the most fundamental. This property is
not merely a computational rule but an inferential tool that guides students toward observing structures, justifying
strategies, and cultivating a generalizing disposition—the essence of algebraic thinking (Wilkie & Hopkins, 2024).

In elementary mathematics, four components of algebraic thinking are of particular importance: word
problems, patterning, conceptualization of the equal sign, and generalization of arithmetic rules (Khosrowshahi
& Asghari, 2016). Therefore, the mere presence of the commutative property in textbooks is insufficient; the
primary question is whether its representation is purposeful and systematic enough to strengthen these four
components. Answering such questions requires a precise analysis of textbook content as the primary
educational medium (Dashteh et al., 2025; Nawrozi et al., 2024). Consequently, the logic of the study’s
analytical framework can be formulated as follows: the four components provide potential situations for the
emergence of algebraic thinking; the commutative property is the shared structural concept among these
situations; and generalized arithmetic provides the theoretical basis for transitioning from specific examples
to understanding the relationship and general rule. The present study aims to move beyond mere critical
analysis toward providing a practical model for the systematic integration of the commutative property with
the four key components of algebraic thinking in Iranian elementary mathematics textbooks.

Method: This mixed-methods explanatory sequential study had two phases: (1) quantitative and qualitative
content analysis of all six elementary mathematics textbooks (Grades 1-6, 2023 edition) to describe current
representation; (2) design of an integrated model based on findings and theory. A complete census was used.
The researcher-made protocol included a quantitative checklist (grade, page, section type, operation, format)
and a qualitative coding framework with four categories: word problems, patterning, conceptualization of
the equal sign, and generalization of arithmetic rules. The unit of analysis was an “instructional situation”
meeting three criteria: presence of addition/multiplication, the possibility of inferring a change in order
without a change in result, and a sign drawing attention to this relationship. Data were analyzed using
descriptive statistics (SPSS 26), thematic analysis based on five cognitive levels (from operational to
generalizing), and Shannon entropy to assess distribution across grades. Validity was established through
expert review (five specialists), and reliability via independent coding of 30% of situations (87% agreement,
Cohen’s kappa = 0.87). The model was designed in four stages, integrating theoretical foundations,
quantitative distribution, and qualitative depth findings.

Findings: A total of 67 situations were identified. Descriptive indicators are presented in Table 2. The
distribution was highly unbalanced: Grade 1 (13.43%), Grade 2 (14.92%), Grade 3 (31.34%), Grade 4
(22.38%), Grade 5 (11.94%), Grade 6 (5.97%). Grades 3 and 4 together accounted for 53.72% of all situations,
while Grade 6 had the least. This indicates episodic attention without a developmental trajectory.
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Component analysis (Table 4) showed “generalization of arithmetic rules” dominated with 59.7% (40
situations), followed by “conceptualization of the equal sign” (19.4%), “word problems” (14.9%), and
“patterning” (6%). Shannon entropy confirmed this imbalance: word problems and patterning had higher
importance coefficients (0.181 and 0.387) due to concentrated distribution, while equal sign and generalization
had lower weights (0.812 and 0.833). Qualitative analysis revealed structural weaknesses: generalization often
involved direct rule transmission after a few examples, with limited conjecture or reasoning; the equal sign
was predominantly operational (announcing results) rather than relational; patterning was reduced to sequence
continuation; word problems were concentrated in lower grades and rarely asked students to compare orders
or explain constancy. The main issue is not just frequency but cognitive depth. The study also proposes a
grade-by-grade integrative model that addresses four gaps: distribution, depth, component, and application.
In summary, qualitative findings indicate that the main issue is not merely the scarcity of situations but also
the manner of their design and their cognitive levels. Therefore, to strengthen the role of the commutative
property in developing algebraic thinking, increasing the frequency of situations alone is insufficient; rather,
the sequence of activities must move from observation and concrete experience to comparison and explanation
of relationships, application, rule discovery, and ultimately generalization in new situations.

Discussion and Conclusion: This study aimed to design an integrated model for systematically incorporating
the commutative property with four algebraic thinking components in Iranian elementary textbooks. Findings
revealed severe imbalance: over half of all situations were in Grades 3—4, while only 5.97% were in Grade 6;
generalization dominated (59.7%), patterning was neglected (6%); the equal sign was mostly operational.
Shannon entropy confirmed uneven distribution. These results align with Kaput’s (2008) emphasis on
generalized arithmetic requiring movement from specific computations to general structures. The operational
view of the equal sign echoes Carpenter et al. (2000), who noted that students interpret the equal sign as a "do
something" signal. Neglect of patterning reflects Mason’s (2008) concern that pattern tasks often remain at the
level of sequence continuation. The findings support Wilkie and Hopkins’s (2024) call for tasks engaging
students in generalizing actions. The theoretical framework integrating Khosrowshahi and Asghari's (2016)
four-component model with Kaput's (2008) generalized arithmetic perspective proved valuable in revealing
the structural gaps in the current curriculum. The four identified gaps—distributional, depth, contextual, and
application—highlight the need for a coherent developmental trajectory that systematically integrates the
commutative property with algebraic thinking components across all elementary grades. The proposed grade-
by-grade integrative model addresses these gaps by specifying learning objectives, core instructional strategies,
and sample activities for each grade and component, emphasizing continuity, depth, and application. This
model can serve as a conceptual framework for curriculum revision, teacher guidance, and the design of
complementary learning resources, as advocated by researchers such as Ding et al. (2023) and Sunwoo and
Yeo (2025). Limitations: The model was not empirically validated in classrooms; analysis was limited to
textbooks, not classroom implementation; coding involved interpretive judgment despite high reliability.
Future research should experimentally test the model’s effectiveness on relational understanding,
generalization, patterning, and structural reasoning. Cross-cultural comparisons could further illuminate the
integration of structural properties with algebraic thinking.
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